Abstract -We study the effect of a nearby planar wall on the propulsion of a phoretic Janus micro-swimmer driven by asymmetric reactions on its surface which absorb reactants and generate products. We show that the behaviour of these swimmers near a wall can be classified based on whether the swimmers are mainly absorbing or producing reaction solutes and whether their swimming directions are such that the inert or active face is at the front. We find that the wallinduced solute gradients always promote swimmer propulsion along the wall while the effect of hydrodynamics leads to re-orientation of the swimming direction away from the wall.
Introduction. -Active materials are condensed matter systems self-driven out of equilibrium by components that convert stored energy into movement. They have generated much interest in recent years, both as inspiration for a new generation of smart materials and as a framework to understand aspects of cell motility [1] [2] [3] [4] . Active materials exhibit interesting non-equilibrium phenomena, such as swarming, pattern formation and dynamic cluster formation [5, 6] . Many of the components of active matter have come from biological systems, e.g. mixtures of cytoskeletonal polymers and motors or suspensions of swimming micro-organisms but there has been an increasing interest on synthetic active components which provide promise of a variety of applications from chemical industry to biomedical sciences [7] . A paradigmatic component of this type is a synthetic micro-swimmer. However, designing synthetic micro-scale swimmers with comparable functionality and robustness to their natural counterparts remains a challenge [8] [9] [10] . A good candidate for such synthetic micro-swimmers are self-phoretic Janus swimmers, colloidal particles with asymmetric catalytic physico-chemical properties over their surface [11, 12] . Due to the asymmetric distribution of catalyst on their surface, they generate or absorb chemical solutes in an asymmetric manner leading to an asymmetric distribution of solutes in the vicinity of the colloid. The coupled asymmetric distribution of the chemical solutes with the short-range solute-to-colloid surface interaction leads to the swimmer propulsion [13] . Of particular importance is the behaviour of semi-dilute or concentrated suspensions of such particles which requires an understanding and ability to predict their swimming behaviour in confinement.
The first step towards understanding the behaviour of swimmers in confinement is provided by the study of their motion near planar walls. There have been a number of recent experiments addressing this issue. A single Janus swimmer confined to a micro channel has shown a rich dynamics with the swimmer sliding along the wall while weakly rotating away from the wall. This reorientation continues until subsequent reflection from the wall [14] . Light activated phoretic colloidal swimmers have been shown to swim only when close to a boundary surface [6] . These suggests wall effects are a combination of wall induced distortion both of fluid flow and of the solute gradients generated by the swimmer.
Recent theoretical work on swimmers near walls however has tended to focus on the effect of hydrodynamic mechanisms, i.e. on the behaviour of the fluid flow generated by swimmers near boundaries [14] [15] [16] [17] [18] [19] [20] making the assumption that they are the dominant contributor to the motion. This is obviously the case for swimmers driven by mechanical surface distortions [15, 20] . However, it is not clear that this is also true for chemically driven swimmers for which numerical studies have shown a rich behaviour that is difficult to understand within this framework [21, 22] . Here, we theoretically examine the validity of this assumption for self-phoretic swimmers near walls and seek to understand better the role of the solute gradient distortion on the dynamic behaviour of a Janus swimmer near an infinite planar wall. We find in contrast how- ever that the distortion of the local gradient of solute concentration by the wall can be the dominant effect on the translational dynamics while distortion of the fluid flow is the dominant contribution to the changes in orientational dynamics. This also allows us to rationalise the numerical results [21, 22] .
While hydrodynamics enhances the drag experienced by the swimmer, the wall-induced-diffusiophoresis enhances propulsion along the wall -in addition to perpendicular attraction (repulsion) for swimmers moving with their active-face-forward (inert-face-forward). The sign of the product of the swimmer mobility coefficient (determined by how solutes interact with the swimmer surface) and its net production rate (± for source/sink) determines if it has its inert or active face forward.
The model. -We consider self-phoretic Janus swimmers in the limit of vanishing Péclet (Pe) and Reynolds (Re) numbers. Our goal is to obtain the swimmer propulsion speed U as a function of the system parameters, such as D, the solute diffusion coefficent, R, the swimmer radius and h, its distance from the wall. A brief consideration of typical scales is useful at this point. Janus swimmers [9, 30] with sizes R = 1 − 2µm and speed U = 1 − 10µm/s in a solution will have a Péclet number in the range of Pe = U R/D ∼ 10 −3 − 10 −2 , where D ∼ 10 −9 m 2 s −1 is the solute diffusion coefficient. This implies to leading order, advection of solute particles by the flow generated by the swimmer is negligible compared to their diffusion [23] . A useful interpretation of the Peclét number is provided by the comparison of two timescales Pe = τ D /τ P ; the diffusive time-scale (τ D ∼ R 2 /D) of the fuel solutes and the swimmer propulsive time-scale (τ P ∼ R/U ). Inertia also plays a negligible role (as Re = U R/ν ∼ 10 −6 1 for typical solution kinematic viscosity ν ∼ 10 −6 m 2 /s). Hence the solute concentration profile is in steady state with the bulk and satisfies the Laplace equation
where r = r * − r 0 ≡ (x, y, z) with r 0 , the position of the swimmer centre. The catalytic chemical reaction happening on the surface of the swimmer generates a radial flux α(n) (see fig. 1 ), which gives the boundary condition
This flux condition will be be interpreted as the effective flux of the solutes at the outer edge of an "interaction layer". Examples of α(n) are surface flux of half coated Janus swimmer in fuel solution in which α(n) = αK(n) in the reaction-limited regime and α(n) = αC(n)K(n) in the diffusion-limited regime. K(n) is 1 on the active hemisphere and 0 on the inert hemisphere. In the following we will study the catalytic kinetics in the reactionlimited regime; i.e the bulk fluid serves as fuel bath [11, 24] . Furthermore, we consider the wall to be inert and impermeable to the solutes Far away from the wall and the swimmer surface, the concentration of the solute takes the bulk value C → C ∞ , {x → +∞, y, z → ±∞}.
In the zero Re limit, the fluid flows v induced by the swimmer satisfy the Stokes eqn. (incompressible fluid)
in the half-plane (shown in fig. ( 1)) and η is the solvent dynamic viscosity and p, hydrostatic pressure. The flow field satisfies the slip condition
on the swimmer surface, where U, Ω are the linear and angular velocities respectively -which are unknowns and the goals of this analysis. Phoretic slip v s arises due to the viscous stresses balancing osmotic pressure gradient in the 'thin interaction region' [13] . The latter is generated by the coupled asymmetric distribution of the solutes C(r) and their short-ranged interaction Ψ(r) with the swimmer surface. The expression v s = µ (1 −nn) · ∇C is obtained by matching an "inner" (interaction layer) to the bulk fields, where µ =
dρ is a mobility coefficient [13] and β −1 = k B T . We also have the no-slip BC on the wall, v(r)| x=−h = 0 and vanishing hydrodynamic flow in the bulk, v → 0, {x → +∞, y, z → ±∞}. The swimmer have zero net body-force and torque.
where Π = −p1 + η ∇v + (∇v) T is the hydrodynamic stress tensor and 1 is the unit tensor.
Analysis. -For the swimmer problem near the wall, we employ the so-called method of images (reflections) [25] . This involves first, finding the swimmer propulsion velocity in the bulk, far enough away from any boundaries.
Subsequently, we use the bulk solution to find corrections to the pertinent fields; and hence finding the translational and angular velocities corrections due to the wall.
Swimming in the bulk (no wall).
In the absence of the wall (h → ∞), the concentration field BCs becomes C → C ∞ , r → ∞, in addition to the swimmer surface flux BC (2) . The solute concentration field follows from (1) for axisymmetric coating of the catalyst with symmetry axiŝ u
where P k (û ·r) are the normalised Legendre polynomials such that P 0 = 1, P 1 =û ·r, P 2 =ûû : (3rr − 1) /2 , and α (k) are the surface moments of the catalytic solute flux α(n) (see equation 2):
To simplify our presentation, we consider a self-phoretic swimmer with linear catalytic coating
; including e.g. α (2) does not qualitatively change the types of behaviour observed). Therefore, the unbounded domain solute concentration from eqn. (7) gives (see Fig. 9 )
The fluid flow field satisfy the isotropic vanishing flow field in the bulk, v → 0, r → ∞ and from equations (4, 8) , the flow field results [13] :
rr r 2 − 1 ·U 0 with zero hydrostatic pressure gradient p = p ∞ , where the propulsion U 0 and the angular velocities Ω 0 are obtained using the force and torque balance constraints (6) as
We have restricted ourselves to a uniform mobility µ over the swimmer surface, leading to zero rotation : Ω 0 = 0. We note that α (1) and the symmetry directionû are not independent: choosingû fixes the sign of α (1) .
Swimming near a wall. We now consider a swimmer whose centre is a distance h from an infinite plane wall (see Fig. 1 ). We proceed by finding corrections to the bulk velocities
. This is achieved by adding singular flow and concentration fields (v (1) (r), C (1) (r)) centred behind the wall (at the image point) to impose the the no-slip and the impermeability conditions on the wall. Furthermore since adding them means the flow no longer satisfies the BCs on the swimmer surface, we add further singular fields (v (2) (r), C (2) (r)), this time centred at the swimmer centre to maintain the correct slip and constant flux BCs. This process can be iterated yielding to a power series solution in = R/h. Here we keep only the leading order terms :
The wall reflected concentration field is
where r = r + 2hx,û = cos Θŷ andû ⊥ = − sin Θx, while the image singularities v (1) for bulk flow v (0) are well known (see Appendix A, [18, 26] ). Furthermore, the swimmer surface reflected solute concentration field is given by
and since we are only interested in the leading order rigid body corrections (U 1 , Ω 1 ) [27], we can bypass finding an explicit expression for v (2) using the reciprocal theorem [25] .
Wall-induced-diffusiophoresis. The wall distortion on the solute concentration field is approximated by images made of a monopole and dipoles (see fig. 4 (c) and eqns. 13, 14) . These reflected fields do not induce rotation Ω wall-induced-diffusiophoresis
We note that the leading order term (∼ 2 ) is present irrespective of the swimmer orientation. Its strength is determined by the net consumption/production rate: α (0) . This may be contrasted with an orientation dependent leading order force-dipole contribution in squirmer models [18, 20] . In effect, U d 1 repels (attracts) inertface-forward (active-face-forward) swimmers to (from) the wall, while enhancing their parallel propulsion along the wall.
Hydrodynamic contribution. The no-slip condition on the wall introduces the reflected image field v (1) (A1) (see also ref. [18, 26] ). This contribution enhances the drag experienced by the swimmer [18, 28] 
In addition, the wall induces rotation with the swimmer re-orienting weakly with angular velocity [18, 28 ]
Equations (15), (16) and (17) imply that if orientation fluctuations are ignored, the swimmer trajectory is confined to the x − y plane.
Dynamical system. The results described above can be summarised by a dynamical system for the position of the swimmer centre, r 0 (t) ≡ (h(t), y 0 (t), z 0 (t)) in the laboratory frame, placing the origin on the wall. The swimmer p-4
The dynamics of a self-phoretic Janus swimmer near a wall will trace a trajectory following the kinematic equations
where
and orientation (Θ = dΘ dτ )
with a dimensionless parameter A = (µα (0) /4D)/U 0 , where U 0 = |µα (1) /3D| is the bulk speed. We can therefore classify the behaviour of this dynamical system by the sign of A. We note that active-faceforward swimmers have (A < 0) while inert-face-forward swimmers have (A > 0) (see fig. (3) ). Inert-face-forward swimmers are always repelled while active-face-forward ones are always attracted to the wall irrespective of their orientation. We emphasise however, the eventually both escape from the vicinity of the wall with swimming directions oriented away from the wall.
The swimmer dynamical system (19) has two steady modes of motion (one linearly stable and one linearly unstable). The unstable stationary state, (Ḣ,Ẏ ,Ż,Θ) = 0, which corresponds to a swimmer at a wall separation {H * : 8H 3 * − 8|A|H * = 1, H * > 1} facing directly away from (or towards) the wall Θ * = 3π/2, for A < 0 π/2, for A > 0 . The second (stable) mode of steady motion is the limiting case of the swimmer far away from the wall H → ∞ with swimming orientation away from the wall Θ ∈ (π, 2π) so that eventually the swimmer recovers its bulk propulsion behaviour.
Numerically integrating the non-linear system (19) gives the swimmer trajectories near the wall (see fig. (6) for a typical trajectory). We identify a turning point at H T at which a swimmer changes direction from pointing towards to pointing away from the wall. We note however, that for swimmer parameter values of |A| > 1/4, the wall separation for the active-face-forward H T < 1; which implies the swimmer will eventually crash into the wall (see fig. (6) for a sample trajectory), noting of course however that the current analysis here is no longer valid when the swimmer gets too close to the wall where different physics governed by fluid incompressibility will dominate.
Conclusion and discussion. -In summary, we have studied the dynamics of a self-diffusiophoretic spherical Janus swimmer moving near a planar wall. In our analysis, we have been able to separate the contribution of different mechanisms to the propulsion allowing us to identify the differences between these swimmers driven by chemical (phoretic) processes to traditionally studied swimmers driven by mechanical deformations. We have obtained leading order contributions to the wall-induced distortion of the solute concentration gradient and shown that the wall impermeability to the solutes introduces a new contribution to swimmer propulsion which we have called wall induced-diffusiophoresis. We emphasise that this is quite different from the effect of walls on hydrodynamic interactions [18, 20] as studied e.g. using the squirmer model. Further, we find a natural way to categorise Janus swimmers into two classes: (1) inert-face-forward swimmers which have an enhanced parallel propulsion along the wall before being scattered away due to a combination of hydrodynamic repulsion and wall-induced-diffusiophoresis and (2) active-face-forward swimmers which are strongly attracted to the wall.
The wall-induced-diffusiophoresis leads to migration either towards or away from the walls depending on whether the swimmer is a global source or sink. Interestingly we note that wall-induced-diffusiophoresis is present even for symmetrically coated active colloids. This robust effect may play a role in the attraction of phoretic swimmers to surfaces [6] .
Recently it has been observed that PlatinumPolystyrene Janus particles are propelled by electrochemical as well as concentration gradients [29, 30] . Similar types of behaviour would be observed such a selfelectrophoretic swimmer, because the leading order electric potential for these swimmers is a dipole and hence can also be dominated by the leading order interaction due to solute concentration presented here.
The following key assumptions were made in our analysis: the swimmer separation from the wall is large compared to the swimmer size such that higher order reflected fields from the wall and swimmer-surface be neglected [18] . In addition, we assume the concentration profile is at quasi-steady state, the catalytic flux on the swimmer surface is constant and we have also ignored orientational fluctuations of the swimmers. It would thus be interesting in the future to examine the dynamics for swimmers very close to the wall using e.g. a lubrication analysis and the role of fluctuations. * * * YI acknowledges the support of University of Bristol.
Appendix A: Flow image system. -The image system for the source-doublet v (0) [18, 26] is
where r = r + 2hx and r = r * − r 0 ; ∂ x0 ≡x · ∇ 0 and ∂ are the stokeslet and source-doublet tensors.
Appendix B: Faxéns Theorems. -Due to the finite size of the swimmer, the reflected flow and concentration fields, v (1) and C (1) do not satisfy the BC on the swimmer surface. Therefore, to impose the correct BC, we add v (2) and C (2) at the swimmer centre for the flow and concentration fields respectively such that n · ∇C (2) = −n · ∇C (1) and
are satisfied on the swimmer surface and ∇ s = (1−nn)·∇. Therefore, applying the reciprocal theorem ( [25] )
with Π = −p1+η ∇v + [∇v] T and v been an arbitrary external stokes flow which satisfies v = U on a sphere of radius R and v → 0 for r → ∞. Its well known that pure translating sphere have constant surface traction Π ·n = − 3η 2R U and hence
The swimmer is force free, which implies v (2) (r) dS = 0. Hence, Taylor expanding the v (1) and C (1) fields; the leading order rigid body translation results
Similarly, for arbitrary pure rotation Ω of a sphere of radius R with v = Ω × r; the reciprocal theorem reads Ω · r × Π (2) ·n dS = −3ηΩ · n × v (2) (r) dS with Π ·n = −3ηΩ ×n and also since the swimmer must remain torque free, it rotates with
where the mobility µ is assumed to be uniform.
